
phys522: HW #12

1. Using the commutation relations for αi and β prove the identity for the γ
matrices γµ = (β, βα⃗)

{γµ, γν} = 2gµν

where gµν = diag (1,−1,−1,−1)

2. Show that each wave function component of the Dirac equation satisfies the
Klein-Gordon equation.

(
□+m2

)
ψi = 0

where □ = ∂µ∂µ is the 4 dimensional Laplacian. The Dirac equation (in units
in which c = ℏ = 1)

(iγµ∂µ −m)ψ = 0

where ψ is the 4-component spinor wave function.

3. Prove that that helicity is conserved, spin 1
2
Σ⃗ is not conserved, but total

J⃗ = L⃗+ 1
2
Σ⃗ is conserved.

Σ⃗ =

[
σ⃗ 0
0 σ⃗

]
4. The electron Dirac spinor ψ satisfies

[γµ (i∂µ + eAµ)−m]ψ = 0

Take the charge conjugation operator to be C = iγ2γ0. The charge-conjugate
spinor ψc = Cγ0ψ∗ can be shown to satisfy

[γµ (i∂µ − eAµ)−m]ψc = 0

Show that the charge conjugate current

jµc = −eψ̄cγ
µψc = +eψ̄γµψ

when you insert an extra minus sign by hand. This shows that the charge
conjugate current is the positron current. The minus sign is related to the
connection between spin and statistics. In field theory, it occurs because of
the antisymmetric nature of the fermion fields.

Hint: First show the C−1γµC = (−γµ)T and that ψ̄C = −ψTC−1.
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