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Modern Physics 330: HW # 1

o

— 7@ Lorentz Transformation By judiciously picking specific space-
time points in a certain reference frame, show that moving clocks run slow,
and that moving meter sticks are contracted. (Hints: Proper time is the time
measured in the rest frame of the clock, Proper length is the length measured
in the rest frame of the meter stick. A length in any frame is the distance
between two positions measured at the same time.)

Solution:

Time dilation is shown simply by transforming from the frame in which
the clock is at rest (S) to the frame in which the clock moves to the right
(S') by boosting in the negative x direction from the S — S’

_ !
Lo T (%)
0 T,
We only need the time component:

ctl, = y(cty + Bxy) =7C

Lorentz contraction is trickier, as we must measure the stick by taking
the difference of the edges at the same time in the frame in which the stick
moves (to the right, Figure 1).

The spacetime point (event) a is:

!
Lo (1))
s x
The LT gives (boosting in the negative x direction from the S — S’)

cty, = y(cty + Bxy) = 7Bs
, Bct_a
1 = (50 + Prom) = 5
At time ct!, the left edge has moved to fct!, = y/3%s. The stick length in
S’ is:

xy = Bty = vs = yB%s = ys(1 = B°) = s/7

3 #@)Simultaneity
Given two events X, — ( 8 > and X, — ( 6; ) ,where 0 < € < 1, find

the boost to the frame in which these events are simultaneous.
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ct . ct world-line of
o right edge of stick
werld line of g %
lefit edge of stick ]
! I
! ]
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! ]
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! ]
! length of moving stick !
= ]
! ]
1 ]
1 ]
! !
! !
ct’_a |! L X,
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|‘__\=|—'_‘-' / | X,
0 X’ a

Figure 1: Measuring a moving meter stick

Solution:
We simply transform the point and solve for the value of § that gives a

zero time component:
ct! = y(ex — fz) =0

So the boost is in the x-direction by 8 = €. Such a boost exists as long

as || < 1.

l #&)The Train Taggers Paradox
Two graffiti “taggers” are standing next to the train tracks separated by a

distance ¢ as measured in their frame (frame S). As a train traveling at near
light speed goes by, they simultaneously in their frame mark the train with
paint. What is the proper distance A between the marks, that is the
distance measured by observers aboard the train (frame S')?

Show that consistent answers are obtained in both frames. Place one of the
taggers at the origin z = 2’ = 0 and the other at x = £. Define the following

events:
0.
in both frames.

1. o: common spacetime origin X, — ( 0
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= 0.
2. e: X, — ( / ) in frame S.

S 0

) in frame S'.
Determine the coordinates for these events in both frames. Describe how
these events are observed in each frame.

Solution:

Tagger Frame S: Let’s take the train frame S’ to be moving in the
negative x direction in the tagger frame S. The taggers observe a Lorentz
contracted train, and therefore they conclude that the marks they make on
the train are a factor v further apart then they are. They conclude the
proper length between the marks is A = /.

Train Frame S’: Because we are measuring the proper distance and the
marks are at rest, we don’t have to worry about measuring the positions at
equal times. Therefore, we can simply transform the event coordinates X,:

(%) ()03

Thus, A = +¢.

Interpretation: In the train frame S’, the mark e is made at time

ct, = B¢ after the mark at o. In this frame the taggers are separated by a
distance £/v. However, between the time the marks are made, the taggers
have moved in the +z' direction a distance Bct’, = v3%(. Thus we get for
the total distance between the marks,

0 )
A=;+7B2€=7€(7 2+ 8% =t
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ct’ i ct - !
N 1
! et tagger il
'_' / right tagger
! J
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! - /
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1 ’
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1 ]
) i
] !
[ right mark & 7
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left mark |/ =TT
b = = L X
0 f

Figure 2: Events as seen in the train frame. The taggers move to the
right with speed v along the dot-dashed world-lines, separated by a distance
2’y — x, = £/7. The left mark is made at point o but the right mark is made
later at point time #;, having moved from z; to z;. The marks proceed on
vertical world-lines in this frame (they do not move).
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