








Physics 521, Fall 2024

Legendre Transformation

See Gelfand and Fomin p. 72. Also, from: “Making Sense of the Legendre Trans-
form”, Zia, Redish, McKay, arXiv:0806.1147v2, 2009 (figures are taken from here).

In classical mechanics the Lagrangian L(q̇, q, t) and the Canonical momentum is
p = @L/@q̇. Thus p is the slope of L. For simplicity, consider the case where the
potential V (q) and not q̇, then q̇ appears only in the kinetic energy which is a quadratic
in q̇. Thus, L is a convex function of q̇.

Putting this into a generic, mathematical language, q̇ ! x and L(q̇) ! F (x) and
write the slope of F(x) as s(x) = dF/dx. F being convex implies that s(x) can be
inverted to get x(s) (Fig. 1)

Figure 1: Convex function F

Figure 2: Graphical representation of the relation (F +G)/x = s or xs = F +G

The function G(s) contains the same information as F (x) (Fig.2).

dG = �dF

dx
dx+ sdx+ xds = xds

implies x(s) = dG
ds . Or, back to physics language, G is the Hamiltonian H(p) and

q̇(p) = @H/@p.
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Nown rewrite F in terms of scalar and vector potentials
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